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Exercise 1 (5 points)
Define the catenoid as the surface Sf parametrized by

f(u, v) = (coshu cos v, coshu sin v, u)

and the helicoid as the surface Sg parametrized by

g(u, v) = (sinhu cos v, sinhu sin v, v)

(a) Show that, for any point (u, v) ∈ R2, the Gaussian curvature of Sf at f(u, v)
coincides with the Gaussian curvature of Sg at g(u, v).

(b) Show that the mean curvature of both Sf and Sg is identically zero.

Exercise 2 (2 + 3 points)
Let U ⊆ R2 be a connected open set and x : U → R3 be a regular surface patch for the
surface M with principal curvatures k1 and k2 and normal vector ν. Let c ∈ R be some

constant such that |c| < min
(∣∣∣ 1

k1(u)

∣∣∣ , ∣∣∣ 1
k2(u)

∣∣∣) for all u ∈ U . Consider the surface patch

xc = x + cν for the parallel surface Mc of M in distance c.

(a) Show that xc is again a regular surface patch.

(b) Express the Gaussian curvature Kc and mean curvature Hc of Mc in terms of the
Gaussian and mean curvature of M .

Exercise 3 (2 + 3 points)
Determine which points of the following surfaces are elliptic, hyperbolic, parabolic, um-
bilic and planar.

(a) The monkey saddle given by the parametrization

x(u, v) = (u, v, u3 − 3uv2)

(b) The torus TR,r given in Exercise 2 on sheet 5, determined by the equation

(x2 + y2 + z2 +R2 − r2)2 = 4R2(x2 + y2)
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Exercise 4 (5 points)
Let M ⊆ R3 be a connected surface such that every point in M is umbilic. Show that
M is a subset of a sphere or a plane.
(Hint: Show that the principal curvature κ = k1 = k2 is globally constant.)

Point total: 20
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